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In [I], Gabriel discussed a “Krull dimension” for rings and modules, but 
here we prefer to call it the Gabriel dimension, reserving the name Krull 
dimension for the notion defined in [7] and [4]. This paper is concerned with 
the class of those modules which have a Gabriel dimension. As some of the 
results presented here make clear, this class is large, strictly including the 
class consisting of all modules with Krull dimension and all modules over 
right noetherian rings. 
The initial stimulus for the investigation was our conjecture that, in 
a ring with Krull dimension, the prime radical is nilpotent. Now in Section 2 
we obtain a detailed knowledge of the relationship between the Krull dimen- 
sion and the Gabriel dimension of a module or, indeed, of an object in any 
Grothendieck category. This knowledge can be applied, as in [6] (see also [5] 
and [3]) to establish the above conjecture. However the methods used here 
lead, in [2, Section 51, to a more direct proof of this conjecture. They also 
help to answer other questions concerning modules with Krull dimension, 
see [2, Section 41. 
In the rest of this paper we study two other aspects of Gabriel dimension. 
In Section 3 we show that, when it exists, the Gabriel dimension of a commu- 
tative ring is virtually the same as its classical Krull dimension, as defined 
in [4]. Then in Section 4 we show that, unlike the case of Krull dimension, 
having a Gabriel dimension is inherited by a polynomial ring, and upper and 
lower bounds for this dimension are obtained. This resembles a result of 
Seidenberg [8] comparing the (finite) classical Krull dimension of a commu- 
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tative integral domain and its polynomial ring. By exploiting his results, 
we show that our inequality is best possible. 
We will assume the reader has some familiarity with the notion of Krull 
dimension, and will use [2] as our basic reference for that topic. We also 
assume some knowledge of quotient categories, our approach being that of 
Gabriel [l] wherein unexplained terminology and unsubstantiated claims are 
to be found. Another reference, within a similar framework, is Swan [IO, 
Part I]. The word “module” will mean “right module” throughout, and 
dimensions will be measured on right modules. 
1. GABRIEL DIMENSION 
The reader should note that the notation established in this section will be 
used throughout the paper. 
Let A denote the category of R-modules, R any ring, and let @ be a Serre 
(epaisse) subcategory of A. There is a canonical functor T: A + A/C where 
A/@ is the quotient category of A by C. We recall that the objects of A/@ 
are those of A, T being the identity on objects. However the morphisms are 
defined by 
Hom,,c(M, N) = inj lim Horn&V’, N/N’) 
MIM’,N’EC 
and, iff E Hom,(M, N), then Tf is the canonical image off in this direct limit. 
Our first result is a useful, albeit slight, modification of [ 1, Corollaire 1, 
p. 3681. 
LEMMA 1.1. If O+ TM-% TN& TP+O isanexact sequence in A/C 
then there is an exact commutative diagram in A/@, 
0 0 
O- TM”-TNY- TP-0 
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Proof. The morphism 4 is the image of an element f’ E HomR(M’, N/N’) 
where M/M’, N’ E @. We identify Tf’ with 4 via the canonical embedding of 
Hom*,c(M’, N/N’) in Hom,,c(M, N), and we set im f’ = MI/N’, where 
MI _C N. Since 4 is a monomorphism and T is exact, ker f’ E @; and so, 
if we let f” denote the corestriction of f ‘, f “: M’ -+-f MI/N’, then Tf ‘: 
TM’ + TM, is an isomorphism. The result follows upon setting f = inclu- 
sion map, PI = coker f, g = canonical map, u = (Tf “)-lTf, and et = mor- 
phism induced by y. 1 
One consequence of this which will be of use to us concerns the Krull 
dimension of a module M, K dim M. This is an ordinal, and we refer the 
reader to [2, Section l] for the definition and an account of its basic properties. 
The definition can be used to describe the Krull dimension of an object of A/@. 
COROLLARY 1.2. If M E A has Krull dimension, so too does TM E A/@, 
and then K dim TM < K dim M. 
Proof. If TM = MO Z MI 2 M, > ... is a descending chain of subobjects 
of TM, then Lemma 1.1 provides a descending chain 
of submodules of M such that, for each i, 
T(W’W+d = M&K+, 
in A/@. The result follows by an easy induction. 1 
We next wish to define the Gabriel dimension of a ring or module. Except 
for a slight change in numbering, this is what is called, in [l, p. 3821, the 
“Krull dimension.” 
Consider the localizing subcategories A, of A = mod R and the canonical 
functors T,: A -+ A/A, defined recursively as follows: 
A, = V% To = identity functor on A. 
If OL is not a limit ordinal, A, is the smallest localizing subcategory containing 
all R-modules M such that TueIM has finite length. 
If 01 is a limit ordinal, A, is the smallest localizing subcategory containing 
Um AB - 
If a module ME A, for some LX, we define the Gabriel dimension of M, 
G dim M, to be the least such 01. And if A, = A for some (Y, the least such (Y 
is called the Gabriel dimension of R, G dim R. We use the notation G dim R, 
for the Gabriel dimension of the R-module R and the notation rsM for the 
largest submodule of M in As , Man R-module. 
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We must remark that each A/A, is a Grothendieck category; and also that 
the definition of the Gabriel dimension can be applied to objects in any 
Grothendieck category. 
Next, two basic lemmas on Gabriel dimension. 
LEMMA 1.3. (i) IfN is a submodule of M then 
G dim M = sup{G dim M/N, G dim Nj 
;f either side exists. 
(ii) If R is a ring, then 
GdimR = GdimR, 
if either side exists. 
Proof. We prove (ii) only, (i) being incorporated in the definitions. Let 
G dim R, = 01, and let ME A. It will suffice to show that G dim M < 01. 
However A, is localizing and so every free R-module belongs to A, . Hence 
M, as the image of a free module, belongs to A, . 1 
The next result can be verified easily. 
LEMMA 1.4. M E A, if and only ;f there is a set VY of submodules of M such 
that 
(i) OEPZ. 
(ii) If C E V, C # M, there exists C’ E W, c’ I) C, such that C/C E A,. 
We intend to compare G dim M and K dim M and, to this end, it is 
convenient to describe the Krull dimension in similar terms to the Gabriel 
dimension. We start by describing an ascending chain of Serre subcategories 
A,’ of A, with canonical functors T,‘: A -+ A/A,‘: 
A,’ = (01, and T,,’ is the identity functor on A. 
If 01 is not a limit ordinal, A,’ is the Serre subcategory of all modules 
ME A such that T,‘-,M is artinian. 
If a! is a limit ordinal A,’ is the Serre subcategory usCa A,‘. 
The fact that the A,’ are Serre subcategories is given by an easy induction 
based upon the well known result that Al’ is such. We also note that a hint 
of a possible relationship between A, and A,’ is given by the fact that if OL 
is not a limit ordinal and ME A,’ - A:-, then, by Lemma 1.1, M contains 
a submodule N such that TL-,N has finite nonzero length. 
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PROPOSITION 1.5. Let M be an R-module, 01 an ordinal. Then K dim M = 01 
;f and only if M E AL,, but M # A,‘. 
Proof. This is trivial if OL = 0. We assume it true for all ordinals less 
than 01. 
Suppose that ME A:+, , M $ A,‘. This means T,‘M artinian, T,‘M # 0. 
Let M=M,3MM,3... be a proper descending chain in A, no factor 
MJM,,, having Krull dimension less than 01. By the induction hypothesis, 
T,‘(MJMi+J # 0. The fact that T,‘M is artinian then implies that the above 
chain terminates. Hence K dim M < 01. 
Conversely, assume K dim M = ~1. Given a proper descending chain of 
subobjects of T,‘M one obtains, as in the proof of Corollary 1.2, a descending 
chainM=M03M13 ... of submodules of M such that T,‘(M,/M,+,) # 0 
for all i. By induction, K dim M,lMi,, 4: 01. Since K dim M = 01, this chain 
must terminate. Hence T,‘M is artinian. 1 
2. COMPARISON OF DIMENSIONS 
In this section we compare the Krull and Gabriel dimensions of a module. 
LEMMA 2.1. For each ordinal 01, A,’ C A, . 
Proof. This is trivial if 01 = 0; and, by induction, it is also obvious if 01 
is a limit ordinal. If 01 is not a limit ordinal then, by induction, A:-, C A,, . 
Consider the canonical commutative diagram of categories and functors 
If ME A,’ then TJmlM is artinian and, since A/A,-, is a quotient category of 
A/AL-, , it follows that T,-,M is artinian too. Thus, if T,,M # 0, M has 
a submodule N such that T,,N is of finite nonzero length. Therefore 
A,‘C A,. 1 
COROLLARY 2.2. If M is a module and K dim M = 01 then G dim M < 
a+ 1. 
PROPOSITION 2.3 (Gabriel). If M is a noetherian module, then G dim M = 
Kdim M+ 1. 
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Proof. It is known (see, for example [2, Proposition 1.31) that M has a 
Krull dimension and hence, by Lemma 2.1, a Gabriel dimension. If 
G dim M = 1 then M, being noetherian, has finite length and so K dim M = 0. 
More generally, let G dim M = (II. Since M is noetherian, it is clear from the 
definition that 01 is not a limit ordinal, so let a! = B + 1. Choose a submodule 
Ni of M such that TeN, is simple in A/A, . Repeat the process on M/N, to 
obtain N, 1 Nr with T,(N,/N,) simple. Since M is noetherian the process 
terminates, showing that TeM has finite length. But then, using the induction 
hypothesis, it is clear that any descending chain of submodules of M, with 
factors not of Krull dimension less than /3 must terminate; that is, K dim M < 
,5 Therefore, by 2.2, K dim M = /3. 1 
One consequence of this is that there are commutative noetherian domains 
of arbitrary nonlimit ordinal Gabriel dimension-see [2, Theorem 7.131. 
Another consequence is that if R is a right noetherian ring then, for each 
ordinal 01, A, is the smallest localizing subcategory of A = mod R containing 
A,‘; for if ME A, then every finitely generated submodule of M is in A,’ 
and M is the direct limit of these. However, for more general rings with 
Gabriel dimension, this may fail to hold even for finite ordinals. In fact there 
is in Section 4 an example of a module over a ring with finite Gabriel dimen- 
sion, no nonzero submodule of which has Krull dimension. 
For nonnoetherian modules, we have the following results. 
THEOREM 2.4. If M is a module with Krull dimension, then G dim M = 
KdimMor GdimM = KdimM+ 1. 
We refer the reader to the end of the section for examples which show that 
either possibility can occur. 
THEOREM 2.5. A module with Gabriel dimension has Krull dimension ;f 
and only sf each of its homomorphic mages hasjnite unsform dimension. 
Both of these follow from the next theorem, using 2.2 and [2, Propo- 
sition 1.41. 
THEOREM 2.6. If M is a module with Gabriel dimension, all of whose homo- 
morphic images havejnite uniform dimension, then each chain of submodules of M, 
M=M,3M13..-, 
such that G dim M,/M,,+l = G dim M for all n must terminate. 
Proof. Let G dim M = cy. 
First, suppose 01 = 1. We must show that M is artinian. Let 
M=M,T)M,>... 
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be an infinite descending chain of submodules of M. We may assume that 
fin”=, M, = 0, by f ac oring it out if necessary. Now the socle, S, of M has t 
finite length and so S n M, = 0 for some n. Thus M, = 0 and M is artinian. 
Next, suppose 01 > 1 and 01 a nonlimit ordinal. We assert that factor objects 
of TamlM have finite uniform dimension. For this, it will suffice to show that 
TuwlM itself has finite uniform dimension, and evidently we may assume that 
M has no nonzero submodule in A,, , But then, if T,-,N, @ ... @ T,-,Ni 
is a direct sum of nonzero subobjects of T,,M in A/A,-, , it follows that 
the sum Nr + ... + Ni is direct in A since any intersections, being zero in 
A/A,-, , lie in A,-, . Th us, since, by definition, T,+M has Gabriel dimension 
1, the argument of the preceding paragraph shows that TaerM is artinian. 
Thus any descending chain of submodules of M, with factors of Gabriel 
dimension 01, must terminate. 
Finally, if 01 is a limit ordinal, suppose there is an infinite chain 
with G dim M,,IM,,+I = OL for all 12. From the definition of limit ordinal 
Gabriel dimension, there is an ascending chain of submodules SM of M with 
the properties 
G dim 6 + lM/SM < a, 
SM = U,f,, S’M if S is a limit ordinal, and 
EM = M for some ordinal F. 
We let SM,, = SM n M, , L, = M,JMn+l and SL, = SM,JSM,+, . Then 
the rank of L, is defined to be 
p(L,J = inf(S 1 S < E, G dim SL, = a}. 
Note that, for all S, 6 + 1 MJSM,, embeds in 6 + 1 M/SM. Thus, considering 
the picture, for S < S’ < E, 
it is clear that p(L,J must be a limit ordinal. 
Amongst the p(L,J there is a minimal one, p(Lno) say. Notice that 
(1) 
p(L,) = inf{S 1 6 < E, G dim SM,,/SMno+, = a] 
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and so, with no loss of generality, we may suppose n,, = 0. Similarly, by 
induction, we may assume, writing E, for p&J, that 
E. < Cl < ... < E < **.. \ 12, 
Now from the picture (1) we obtain the commutative diagram 
with exact rows and columns. Therefore 
inj lim SL, = c,L, 
8<c, 
and so 
sup G dim SL, = 01. 
S<E,, 
Thus we can choose 6, < E,, so that 0 < G dim &L, < 01. Notice that, since 
q, < or , G dim S,L, < ol; so we can choose 6, such that 
8, < s, < El and G dim S,L, < G dim S,L, < a. 
Continuing in this manner, we choose 8, so that 
s,, < s, < E, and G dim a,, L, < G dim S,L, < a. 
In particular, S,-,L, $ S,,L, and so, as the picture (1) shows, S,M,, # 
S,,-,M, + S,M,+, . Thus if we let 
and 
A = S,M,, + S,M, + &n/r, + a**, 
B = S,M, + S,M, + S,M, + -0.) 
it is readily verified (see [2, Proposition 4.51) that A/B is the direct sum of its 
nonzero submodules S,M, + BIB. This contradicts A/B having finite 
uniform dimension. 1 
We wish to discuss the alternatives described in Theorem 2.4. Since there 
are noetherian modules of each ordinal Krull dimension, Proposition 2.3 
shows that, given any ordinal cq there is a module M such that G dim M = 
K dim M + 1 = (Y + 1. We note also that the proof of Theorem 2.4 shows 
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that, if K dim M is finite, then G dim M = K dim M + 1. We aim, in the 
remainder of this section, to describe, for each infinite ordinal IX, a module 
M such that G dim M = K dim M = 01. Indeed, if 01 is a nonlimit ordinal, M 
will be a-critical (see [2, Section 21) as well as or-simple (see Section 3). 
We start by considering the case when 01 is a limit ordinal. It is easy to 
construct a complete linearly ordered lattice of the form 
p- critical 
(1) 
r 1 -critical 
v O-critical 0 
where /? runs through the ordinals less than 01. We take, for the p-critical part, 
UJB ordered downwards. If a module M had (1) as its lattice of submodules, 
then G dim M = K dim M = 01. And if the lattice (1) were repeated UP 
times (counting downwards) the module obtained would be (II + n-simple 
and 01 + n-critical. 
So it remains only to realize each of these lattices as the lattice of submodules 
of some module, and we are indebted to G. Bergman for showing us how to 
do this. 
Let V be a vector space whose basis (wz) is indexed by those lattice members 
x such that x is not the supremum of the smaller members. Let V, be the 
subspace generated by all ZI, , z < x, and let 
R={0~EndV]BV,CV~forallx). 
Then V, as an R-module, is easily checked to have the given lattice as its 
lattice of submodules. 
3. SIMPLES AND PRIMES 
We start the section with a discussion of Gabriel simple modules and end 
it by comparing the Gabriel dimension of a commutative ring with its classical 
Krull dimension. 
Let S E A = mod R, y a nonlimit ordinal. We say S is y-simple if(i) T,,-,S 
is a simple object of A/AYA1 and (ii) T,,-~S = 0. (Note that, if S satisfies (i), 
then S/T,-~S is y-simple.) A Gabriel simple module is then one which is 
y-simple for some y. We note that every module with Gabriel dimension 
contains a Gabriel simple submodule. In fact, as the next result shows, the 
Gabriel simple modules determine the dimension. 
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LEMMA 3.1. If M is a module with Gabriel dime&m then 
G dim M = sup{G dim S 1 S is a Gabriel 
simple submodule of a factor module of M). 
Proof. We apply Lemma 1.4 by taking % to be the set of all submodules 
of M and then, given C C M, choosing C’ so as to make C’/C a Gabriel 
simple. 1 
This result yields, in turn, a more precise one. 
PROPOSITION 3.2. If R is a ring with Gabriel dimension then, for every 
nonlimit ordinal y < G dim R, there is a y-simple R-module. 
Proof. By 3.1, there is some 6 > y such that R has a S-simple module, 
S say. We choose 6 minimal with respect to this property, and we suppose 
6 > y. Then T,,S is not a simple object of A/A,, . Therefore S has a 
nonzero submodule S’ such that T,,-,(S/S’) # 0. Thus S/S’ has a /I-simple 
subfactor module for some p > y. Note however that, since S’ # 0, 
G dim S/S < 6 and so /? < 6. This contradicts the minimality of 6. 1 
The next result partially elucidates the relationship between Gabriel simple 
modules and prime ideals. 
PROPOSITION 3.3. Let R be a ring with Gabriel dimension. Then R is 
Gabriel simple if and only if R is a domain. 
Proof. If R is a domain, note that R contains a Gabriel simple and yet 
there is an embedding of R in any nonzero right ideal. Conversely if R is 
Gabriel simple and a is any nonzero element of R, then G dim aR = G dim R. 
Hence the multiplication map R -+ aR is a monomorphism and so R is a 
domain. 1 
It is easy to see that, in this situation, R will be right Ore. 
We now turn to the classical Krull dimension, cl K dim R, of a commutative 
ring R with Gabriel dimension (see [2, Section 7] for the definition of classical 
Krull dimension). As the next result shows, the two dimensions are virtually 
identical except that the Gabriel dimension distinguishes, at limit ordinals, 
two cases which give the same classical Krull dimension. 
THEOREM 3.4. Let R be a commutative ring with Gabriel dimension (Y. 
If OL is not a limit ordinal then 
clKdimR =OL- 1. 
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If OL is a limit ordinal, then 
clKdimR =OL. 
Proof. If 01 = 1 and P is a prime ideal then, since R/P contains a minimal 
ideal, RIP is a field and P is maximal. We proceed by induction, first estab- 
lishing the inequalities 
clKdimR,<or- 1 if 01 is a nonlimit ordinal, 
clKdimR <LY if 01 is a limit ordinal. 
Note that, by Proposition 3.3, G dim R/Q < G dim RIP for primes Q 3 P. 
Now /3 = G dim R/Q is a nonlimit ordinal by 3.3 and so, by induction, 
cl K dim R/Q < 18 - 1, /I < 01. The above inequalities follow from the 
definition of classical Krull dimension. 
We note next that, by Proposition 3.2, for each nonlimit ordinal y < 01 
there is a cyclic y-simple R-module and so, by Proposition 3.3, there is a 
prime ideal P, of R such that G dim RIP, = y. Thus, if 01 is a limit ordinal, 
we have by induction that 
sup cl K dim R/P, = sup G dim R/P, = LY 
and we see that cl K dim R = (Y. On the other hand, for (II a nonlimit ordinal, 
G dim RIP, = a, and the proof of [2, Theorem 8.121 shows that cl K dim R = 
a-l. 1 
From this result it follows that, if R has limit ordinal Gabriel dimension, 
then R must have infinitely many minimal primes. For otherwise, R would 
have a factor domain of the same limit ordinal Gabriel dimension, contra- 
dicting Proposition 3.3. 
Note, however, that if a! is a limit ordinal then the subring R = F 1 + uBca RB 
of the ring &or Re , where F is a field and each Re is a commutative F-algebra 
of Gabriel dimension /3, is a commutative ring of Gabriel dimension 0~. 
In a similar vein we note that a commutative ring R with Krull dimension 
can have only finitely many minimal primes (for, without loss of generality R 
is semiprime; and R contains a finite essential direct sum of Gabriel simples 
each having a prime annihilator) and thus has nonlimit ordinal Gabriel 
dimension (c.f. [2, Corollary 5.91). 
COROLLARY 3.5. If R is a commutative ring with Krull dimension then 
KdimR = clKdimR = GdimR- 1. 
Proof. By Theorems 2.4 and 3.4, it will suffice to show that K dim R < 
G dim R. We proceed via induction on K dim R. Now, by [2, Corollary 7.51, 
K dim R = K dim R/P for some prime P. But R/P is a critical module and 
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so has a homomorphic image of Krull dimension LY. - 1, where LY = K dim R. 
This homomorphic image has Gabriel dimension 01, by induction; and then 
the fact that R/P is Gabriel simple shows that G dim R/P > (Y. 1 
It is open whether, for a noncommutative ring R with Krull dimension, 
GdimR = KdimR+ 1. 
We end the section by pointing out that a commutative ring with classical 
Krull dimension need not have a Gabriel dimension. For, let R be any non- 
discrete rank 1 valuation ring. Then the ideals of R are linearly ordered. 
Suppose for a moment that G dim R existed. Then, by 2.5, K dim R would 
exist, contradicting [2, Example lO.lO]. This also provides, referring to 
Theorem 2.5, an example of a module, all of whose homomorphic images have 
finite uniform dimension, but which does not have Gabriel dimension. 
4. POLYNOMIALS 
For a commutative ring R, one can prove, using the methods of [8], that if 
cl K dim R = E + 1z, where l is a limit ordinal or 0 and n > 0 is an integer, 
then 
l +n+ 1 <clKdimR[x] <~+212+ 1. 
If R had Gabriel dimension, Theorem 3.4 would give a similar inequality for 
G dim R[x], provided this exists. This is part of the import of the commutative 
case of the following theorem whose proof is the main aim of the section. 
THEOREM 4.1. Let M be an R-module of Gabriel dimension E + n where E 
is a limit ordinal, possibly zero, and n an integer. Then, for the R[x]-module M[x] 
we have 
c+n+ 1 <GdimM[x] <,+2n if n > 0, 
G dim M[x] = E if n = 0. 
Using Seidenberg’s examples [9] we are able to show at the end of the 
section that the inequalities are best possible. 
The first preliminary result does not assert that G dim M[x] exists, but 
it gives a lower bound. 
LEMMA 4.2. If M is an R-module, y a nonlimit ordinal, and G dim M = y 
then G dim M[x] > y as an R[x]-module. 
Proof. M/r,,M contains a y-simple R-module S. It clearly suffices 
to show that G dim S[x] > y. Now it is obvious that S[x] has no simple 
submodule; i.e., T,S[X] = 0. Assume that T$[x] = 0 for all S < /3, p < y, 
but that T,$[x] # 0. Then S[x] has a B-simple submodule, L say. Let L, 
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denote the set of coefficients of the least power of x occurring in elements of& 
together with 0. There is an obvious R[x]-epimorphism L -+ L, _C S, whose 
kernel is nonzero. Thus G dim L, < p < y. This contradicts the assumption 
that S is y-simple. We must conclude therefore that T$[x] = 0 and so 
G dim S[x] > y. B 
In order to obtain an upper bound for G dim M[x], thereby showing its 
existence too, we must consider polynomial categories-see, e.g. [IO, p. 971. 
We note that the polynomial category over a Grothendieck category is itself 
Grothendieck. 
LEMMA 4.3. If S is a simple object in a Grothendieck category 6 then S[x] 
is a 2-simple object in 6[x]. 
Proof. Following the proof of [lo, Theorem 3.51, let A be a nonzero 
subobject of IJ,” S such that x/l C A. Set S” = u,” S, A, = A n S” and, 
let & = A,/A,-, identified with a subobject of S = P/P-r. Since XA C A, 
the & are nested and inj lim A, = A. Thus there is a least positive integer 
n(A) such that &(A) # 0. Evidently & = S for n > n(A) since S is simple. 
Suppose now that B I A is another subobject of u,” S with XB C B. 
Clearly n(B) < n(A); and if n(B) = n(A) we claim that A = B. For then 
&, = B, for all n and the diagram 
shows, by induction, that A,, = B, for all n. Therefore 
A = inj lim A, = inj lim B, = B. 
This argument shows that S[x]/A is artinian. Since it is evident that S[x] 
has no simple subobject, S[x] must be 2-simple. 
COROLLARY 4.4. If M is an object in a Grothendieck category 6 such that 
GdimM=l,thenGdimM[x] =ZinG[x]. 1 
Proof. As in the proof of Lemma 3.1, we take V to be the set of subobjects 
of M. Then, for each C C M, there is a C’ E %?, C’ 1 C, C’/C l-simple. 
Consider the set %[x] = {C[x] 1 C E V}. This clearly satisfies the conditions 
of Lemma 1.4, taking (Y = 2, by Theorem 4.3. Thus G dim M[x] = 2. 1 
In order to extend Theorem 4.3 to larger ordinal dimensions we require 
the next lemma. 
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LEMMA 4.5. If @ is a localizing subcategory of a Grothendieck category 6 
then @[xl is a localizi?tg subcategory of G[x] and there is a canonical equivalence 
Proof. Let T: 6 -+ S/C be the canonical functor, and S its right adjoint. 
Define a functor F: G[x] + (S/C)[x] by 
FMf) = (T4 Tf> 
on objects, with the canonical map induced on morphisms. Similarly define 
H: (G/@)[x] --f G[x] via 
fwg) = (m Sg). 
It can be checked from the properties of S and T that His a right adjoint of F 
inducing a natural equivalence of FH to the identity functor on (S/@)[x]. 
Thus, by [I, Proposition 5, p. 3741, G[x]/kerF m (G/@)[x]; and it is clear 
that kerF = @[xl. 1 
Proof of Theorem 4.1. We suppose G dim M = E + n; and we will 
assume the theorem true for all smaller ordinals-the case E + n = 1 having 
been dealt with in Corollary 4.4. It is not difficult to see that the technique 
used to prove 4.4 can be used to complete the proof provided we deal with 
the case when M is a Gabriel simple module. 
So we may suppose that E + n = y is a nonlimit ordinal and that M is 
y-simple. Then T,+.,M is l-simple in A/A,,-, . Therefore, by Lemmas 4.3 
and 4.5, (T,,M)[x] is 2-simple in (A/&-J[x] w A[x]/A,-,[x]. However, 
it follows from our induction hypothesis that A,-,[x] C (A[x]),+,,-a . 
Therefore G dim M[x] < E + 2n - 2 + 2 = E + 2n as required. 1 
This theorem has some interesting consequences. If we let R be the commu- 
tative nonnoetherian domain of Krull dimension 2 described in [2, Example 
10.71 then, from Theorem 4.1, R[x] has Gabriel dimension at most 6; but 
[2, Proposition 9.11 shows R[x] does not have Krull dimension. In fact, it is 
clear that no nonzero ideal of R[x] has Krull dimension (for one could embed 
R[x] in it). 
Another consequence is that, if D is any domain and R is the ring of poly- 
nomials over D in infinitely many commuting indeterminates, then R does 
not have Gabriel dimension. For R N R[x] and so, by Theorem 4.1, if 
G dim R exists it must be a limit ordinal; and this contradicts Proposition 3.2. 
We end this section by discussing the bounds on G dim M[x] obtained in 
Theorem 4.1. In [8], Seidenberg showed that if R is a commutive integral 
domainandclKdimR=nthenn+l<clKdimR[x]<2n+l.And 
in [9] he shows how to construct examples of integrally closed domains R 
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such that cl K dim R[x] has any prescribed value between n + 1 and 2n + 1. 
The key to this is a construction which, given one integrally closed domain R, 
produces another, R*, such that clKdimR* = clKdimR+ 1, and yet 
cl K dim R*[x] = cl K d im R[x] + 2. We will show, in Lemma 4.7, that 
the construction may be chosen to ensure that if R has Gabriel dimension, 
so too does R*. Then, using Theorem 3.4 and applying this construction 
to the integrally closed noetherian domains R of arbitrary classical Krull 
dimension constructed in [2, Section 91 we have the following. 
PROPOSITION 4.6. For each nonlimit ordinal E + R and each m such that 
n -+ 1 < m < 2n there is a commutative integrally closed domain R such that 
GdimR=E+n, GdimR[x] =+m. 
It remains to show that Seidenberg’s construction preserves the existence 
of Gabriel dimension. 
LEMMA 4.7. Let R be a commutative integral domain with Gabriel dimen- 
sion (II, K its quotient jeld, K’ = K(y) the rational function $eld and R* = 
R + tK’[[t]]. Then R* has Gabriel dimemion OL + 1. 
Proof. If I is any nonzero ideal of R* then I I t”K’[[t]] for some n. Now 
t*K’[[t]]/tm+lK’[[t]] g K over R*. But K’ is equally an R-module, and as 
such G dim K’ < 01. The fact that K’ 1 R makes G dim K’ = 01. Thus we 
see that G dim R*lI < 01 for each nonzero ideal and so, since R* is a domain, 
it must be that G dim R* = a: + 1. 1 
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